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Abstract
In this paper, we use the frequency domain criteria to initiate a general result on the Barbashin–
Ezeilo Problem on third-order nonlinear differential equation. Earlier ideas of Burkin [I.M. Burkin,
Orbital stability of second-kind limiting cycles for dynamical systems with cylindrical phase space,
Differential Equations 29 (1993) 1262–1264], Leonov [G.A. Leonov, A frequency criterion for the
existence of limit cycles of dynamical systems with cylindrical phase spaces, Differential Equations
23 (1987) 1375–1378] on the problem are being improved upon.
© 2005 Elsevier Inc. All rights reserved.
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1. Introduction
In 1966 Ezeilo [10] posed the following problem: When will the real differential equa-
tion of the form
x′′′ + ax′′ + x′ + a Sinx = 0 (1.1)
in which a is a constant have a nontrivial periodic solution for arbitrary values of a?
E-mail address: aafuwape@oauife.edu.ng.0022-247X/$ – see front matter © 2005 Elsevier Inc. All rights reserved.
doi:10.1016/j.jmaa.2005.05.068
614 A.U. Afuwape / J. Math. Anal. Appl. 317 (2006) 613–619In 1967, Barbashin [4] considered a more general equation of the form
x′′′ + ax′′ + bx′ + ϕ(x) = 0, (1.2)
where a, b are positive constants and ϕ(x) is a 2π -periodic C′ function having zeros in
[0,2π), and sought for the existence of nontrivial periodic solutions.
Let us modify these problems as follows:
When will a general third-order equation of the form
x′′′ + ax′′ + bx′ + ϕ(x) = 0, (1.3)
where a, b are arbitrary constants and ϕ(x) is a 2π -periodic odd function having zeros in
[0,2π) have nontrivial periodic solutions?
It is clear that the linearized form of Eq. (1.3) about any zero x0 of ϕ(x),
x′′′ + ax′′ + bx′ + ϕ′(x0)(x − x0) = 0, (1.4)
will be stable if the Routh–Hurwitz conditions
a > 0, ab > ϕ′(x0) > 0 (1.5)
are satisfied [1–3,14,15].
Unfortunately, Eq. (1.1) does not satisfy this condition as ab = ϕ′(x0).
Moreover, if ϕ(x) in (1.2), (1.3) (as it is true in (1.1)) is 2π -periodic and has zeros in
[0,2π), then the linearized form of (1.3) has to be defined in every zero of ϕ(x). Thus, we
have to consider the problem of the existence of at least one nontrivial periodic solution
for (1.3), which may not necessarily be stable.
We also know that from the recent works of Andres [2,3] that the equations of the form
(1.4) have a 2π -periodic solution which is unstable subject to some stipulated conditions
on a, b and ϕ(x).
This is clearly reflected in the problem (1.1) of Ezeilo [10] in which Sinx is 2π -periodic,
but has two zeros 0,π in [0,2π). Equally, this suggests that we must consider a situation
for Barbashin’s problem (1.2) with the basic assumptions that
(H1) ϕ(x) which is 2π -periodic has two zeros 0, x0 in [0,2π) and that ϕ is C′ with
ϕ′(0) > 0 and ϕ′(x0) < 0.
This then leads to the segmentation of R as
(H2) [0,2π), [2π,4π), . . . , [2(j − 1)π,2jπ), j ∈ Z and on each interval [2kπ,
2(k + 1)π), ϕ(x) has two zeros, 2kπ and x0 + 2kπ, where 0 and x0 are the ze-
ros in [0,2π).
Attempts to contribute to the solution of these problems were suggested by Burkin [5,
6,9], Leonov [11–13] by using the phase-systems theory, the frequency-domain methods
and nonlocal reduction method.
By this, we shall assume that the second-order differential equation of the form
η¨ + αη˙ + ϕ(η) + γ0 = 0 (1.6)
has a limit cycle of the second kind [12,13].
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2π∫
0
[
ϕ(σ) + γ0
]
dσ  0 (1.7)
is equivalent to saying that the equation
F
dF
dη
+ α1F + ϕ(η) + γ0 = 0 (1.8)
has a positive 2π -periodic solution F(η).
Our objective in this paper is to use the ideas of nonlocal reduction method to prove the
existence of cycles of the second kind for equations of the form
x′′′ + αx′′ + g(x′) + ϕ(x) = 0, (1.9)
where α is a constant, g(y) a continuous bounded function and ϕ(x) a 2π -periodic C1-
function having zeros 0, x0 in [0,2π), and at any point x ∈ [0,2π) we have
ϕ2(x) + [ϕ′(x)]2 = 0.
This will then make it possible to consider Ezeilo’s problem [10] and Barbashin’s prob-
lem [4].
2. Some preliminaries
Let us first consider a general system of the form
X˙ = PX + qϕ(σ ), σ = r∗X (2.1)
in which P is a singular n×n-matrix, q, r are n-vectors, and ϕ :Rn →R which is C1, has
exactly two zeros 0, σ0 in [0,2π) with ϕ′(σ0) > 0.
First, we recognize that with a nonsingular transformation, (2.1) can be rewritten as{
dz
dt
= Az + bϕ(σ ),
dσ
dt
= c∗z, (2.2)
where A is (n − 1) × (n − 1)-matrix, b, c are (n − 1)-vectors.
Definition 1. The solution (x(t), σ (t)) of (2.1) is said to be Bakaev stable if for any of its
solutions, there exists a T > 0 such that for all t1, t2 > T , |σ(t1) − σ(t2)| < τ.
Definition 2. The solution (x(t), σ (t)) of (2.1) is said to be circular if there exists a number
ε > 0, and a time t˜  0 such that dσ(t)
dt
 ε, for all t  t˜ .
Definition 3. The solution (x(t), σ (t)) of (2.1) is said to be a cycle of the second kind if
there exists an integer j = 0 and a moment t˜ > 0 such that x(t˜ ) = x(0), σ(t˜ )−σ(0) = jτ.
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Let us give some further preliminary ideas on the theorem of the frequency-domain for
phase cylindrical system [12,13].
The transfer function from the input σ into the output (− dσ
dt
) can be written as
χ(p) = − 1
p
[
c∗(A − pI)−1b]. (2.3)
Let us denote
K(p) = pχ(p), n(p) = det(pI − A), m(p) = n(p)K(p) and
ε(λ) = inf
ω0
[−2λRe(iω − λ)∣∣K(iω − λ)∣∣−2] (2.4)
for some arbitrary λ > 0.
The following relevant theorem from [11–13] will be used.
Theorem 2.1. Let λ1 be a positive number for which
(a) Reχ(iω − λ1) 0, for all ω 0;
(b) all the zeros of the polynomial n(p − λ1) have negative real parts;
(c) for some a1 < 2√λ1ε(λ1), a solution of the equation
dF
dσ
= −a1 −
(
ϕ(σ) + ϕ′(σ )σ )/F (2.5)
with initial condition F(0) = 0 is defined on (−∞,∞), with F(σ) > 0, ∀σ < 0;
F(σ) < 0, ∀σ > 0; and limσ→∞ F(σ) = ∞.
Then system (2.2) is Bakaev stable.
Furthermore, if there exists a positive number λ2 such that
(d) ReK(iω − λ2) < 0, ∀ω 0, and limω→∞ ω2ReK(iω − λ2) < 0;
(e) one zero of n(p − λ2) is positive and the rest have negative real parts;
(f) two zeros of m(p)ϕ′(σ0) + pn(p) have positive real parts and the rest have negative
real parts,
then system (2.2) has a nontrivial periodic solution.
Remark 2.2. A lemma that was used to prove this theorem in [11] can be modified to
accommodate the differential equation of the form (1.8) whenever
γ2  ϕ′(σ ) γ1, ϕ′(0) = γ1.
We shall now apply this to Eq. (1.9) for which
g(y) = by + gˆ(y),
ϕ(x) is periodic, odd, of period 2π , and with two zeros 0, x0 in [0,2π), and of class C′.
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dF
dσ
= −a1 −
(
ϕ(σ) + ϕ′(σ )σ )/F
is such that F(0) = 0, F(σ) > 0, for all σ ∈ [−2π,0) and F(−2π) > 2√π, then,
F(σ) > 0 for all σ < 0 and limσ→−∞ F(σ) = +∞.
3. Main result
Our main result in this paper is the following:
Theorem 3.1. Suppose there exists positive numbers β and μ such that β  g(y) μ+β,
with α2 > 4β and
μ < λ1
(
λ21 − αλ1 + β
)
for some constant parameter λ1.
Suppose also that for some λ2 > 0,
α −
√
α2 − 4β < 2λ2 < α +
√
α2 − 4β
and ϕ′(0) > αβ .
Then Eq. (1.9) is Bakaev stable and has a nontrivial periodic solution in every strip
Πk ≡
{[2kπ,x0 + 2kπ): k ∈ Z}.
Proof. In attempt to use Theorem 2.1, we rewrite (1.9) in equivalent system form of (2.2),
dz
dt
=
(
x′1
x′2
)
=
(−α −β
1 0
)(
x1
x2
)
+
(1
0
)
ϕ(σ),
dσ
dt
= x′3 = (0,1)
(
x1
x2
)
with
A =
(−α −β
1 0
)
, b =
(1
0
)
, c =
(0
1
)
,
where g(y) = βy + gˆ(y), with 0 gˆ(y) μ.
Then the transfer function χ(p) from input σ into (− dσ
dt
) is
χ(p) = − 1
p
[
c∗(A − pI)−1]= 1
p(p2 + αp + β) ,
K(p) = pχ(p) = [c∗(A − pI)−1]= 1
(p2 + αp + β),
n(p) = det(pI − A) = (p2 + αp + β), m(p) = 1,
and
pn(p) + m(p)ϕ′(σ0) = p3 + αp2 + βp + ϕ′(σ0).
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Reχ(iω − λ1) = ω
2(2λ1 − α) − λ1(λ21 − αλ1 + β − ω2)
|iω − λ1|2|λ21 − αλ1 + β − ω2|2
.
From condition (b) of Theorem 2.1,
n(p − λ1) ≡ p2 + p(α − 2λ1) + β + λ21
would have zeros with negative real parts if we use the Routh–Hurwitz criteria and obtain
α > 2λ1.
For condition (a) of the Theorem 2.1 to be satisfied, it suffices to have the value of λ1
for which λ1(λ21 − αλ1 + β) is minimized.
This is achieved for a choice of
λ1 = 13
(
α −
√
α2 − 3β
)
.
Now for condition (d) of Theorem 2.1 to be satisfied for ω 0, we must choose λ2 > 0 in
such a way that
−ω2 + λ2 − αλ2 + β < 0, for all ω 0.
This becomes valid if λ22 − αλ2 + β < 0.
That is if
1
2
(
α −
√
α2 − 4β
)
< λ2 <
1
2
(
α +
√
α2 − 4β
)
.
Thus, if α2 > 4β and we choose λ2 = α/2, condition (d) will be satisfied.
Condition (e) of the theorem is satisfied, as the polynomial
n(p − λ2) = p2 + p(α − 2λ2) +
(
λ22 − αλ2 + β
)= 0
has one positive and one negative root with λ2 = α/2.
Condition (f) of Theorem 2.1 holds trivially with
ϕ′(σ0) > αβ.
Then the conclusions follow from Theorem 2.1. 
Remark 3.2. We note that if g(y) = βy, β > 0, and all the other hypotheses of The-
orem 3.1 hold with ϕ(x) = Sinx, we shall obtain Eq. (1.1). Thus Theorem 3.1 is a
generalization of the problem of Ezeilo to equations of the form
x′′′ + ax′′ + g(x′) + Sinx = 0.
Moreover, it generalizes Barbashin’s problem to the form (1.9).
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